MAXIMAL FAMILIES OF CALABI-YAU MANIFOLDS WITH 
MINIMAL LENGTH YUKAWA COUPLING 



MAO SHENG, JINXING XU, AND KANG ZUO 

Abstract. For each natural odd number n > 3, we exhibit a maximal family 
of n-dimensional Calabi-Yau manifolds whose Yukawa coupling length is one. 
As a consequence, Shafarevich's conjecture holds true for these families. More- 
over, it follows from Deligne-Mostow Q] and Mostow [S]-[H] that, for n = 3, it 
can be partially compactihed to a Shimura family of ball type, and for n — 5, 9, 
there is a sub Q-PVHS of the family uniformizing a Zariski open subset of an 
arithmetic ball quotient. 

1. Introduction 

The local Torelli theorem for Calabi-Yau (abbreviated as CY) manifolds says 
that the Kodaira-Spencer map for a versal local deformation of a CY manifold is 
an isomorphism. This important fact has a consequence on the Yukawa coupling 
length which is introduced in the work [13]. For a family / : X — > S of CY 
manifolds of dimension n, let 

(£=0 E p ' q , e = e M ) 

p+q=n p+q=n 

be the associated Higgs bundle, where E p ' q = R g f*Q p x / s and the Higgs field 

is given by the cup product with the Kodaira-Spencer map. The length of the 
Yukawa coupling q(f) of / is then defined by 

?(/) = min{i > 1,0* = 0}- 1, 
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where 9 l is the i-th iterated Higgs field 



an,0 _. _. an — 1,1 nn — i-\-l,i — l . . 

Qi . E n,0 E n-hl (^ils —^ ■■■ — ► E n - 1 ' 1 ® S*fl S . 

The local Torelli theorem implies that, for a non-isotrivial family / of n-dimensional 
CY manifolds, it holds true that 1 < q(f) < n. The connection of Yukawa cou- 
pling length with Shararevich's conjecture for CY manifolds has been intensively 
studied (see e.g. [5] . |14] ) . It has been shown that, for example, if the Yukawa 
coupling length of / is maximal, i.e, q(f) = n, then / is rigid. The maximality of 
Yukawa coupling length seems to be very often for moduli spaces of CY manifolds 
as anti-canonical classes of a toric variety (it is the case for moduli spaces of CY 
manifolds with a maximal degeneration point). Our motivation is then to look 
for many examples of moduli spaces of CY manifolds whose Yukawa coupling 
lengths are minimal, i.e. one. As far as we know, higher dimensional examples 
are rare in the literature. What we have obtained in this paper is an infinite series 
of maximal families of n-dimensional CY manifolds with Yukawa coupling length 
one for any odd n > 3. Here a family / is said to be maximal if it is locally a 
versal deformation of each CY closed fiber of /. Our main result is summarized 
as follows: 

Theorem 1.1. Let n > 3 be an odd number and dJt n n+3 be the moduli space of 
n + 3 hyperplane arrangements of P n in general position. Let f n :X n —> 97t nin+3 
be the family of -fold cyclic covers ofF n branched along the n + 3 hyperplanes 
in general position. Then the following statements are true: 

(i) The family f n admits a simultaneous resolution f n :X n ^t 9Jt„ jn+ 3 which 
is a maximal family of n-dimensional projective CY manifolds. 

(ii) ?(/ n ) = 1. Consequently, Shafarevich's conjecture holds for f n . 

(iii) The family f$ admits a partial compactification to a Shimura family over 
an arithmetic quotient o/B 3 . 

(iv) The families f§, fg have a sub Q-PVHS which uniformize a Zariski open 
subset of an arithmetic ball quotient. 
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2. The cyclic cover and its crepant resolution 

The meaning of letters in the tuple (n, m, r) will be fixed throughout the paper: 
n is a natural odd number > 3, m = n + 3 and r = y. 

Remark 2.1. The technique of this section can be applied equally to a tuple 
(n, m, r) where n is a natural number, r a positive factor of m and m = n + 1 + — , 
and yields the same result as the special case. 

2.1. The cyclic cover of P n . An hyperplane arrangement 21 = (Hi, ■ ■ ■ , H m ) 
in P n is said to be in general position if no n + 1 hyperplanes in 21 do meet. One 
constructs the r-fold cyclic cover 7r : X — > P n branched along H — Hi H — • + H m 
as follows: For the line bundle L = Ofn(2) over P n , one denotes Tot(L) for the 
total space of L. There is the tautological section s e T (Tot (L),p*L) of the pull- 
back of L via the natural projection p : Tot(L) — > P n . Suppose the hyperplane 
Hi, 1 < % < m is defined as the zero locus of the section s» G T(P n , 0(1)), then 
we have the pull-back section p*Si G T(Tot(L),p*0(l)). The r-fold cover X is 
defined as the zero locus of the section 

s r -p*s x ® ■ ■ -®p*s m G T(Tot(L),p*0(m)). 

The natural projection p induces the one 7r : X — » P n . It is generically etale and 
Galois, whose Galois group is cyclic of order r, and singular over H . The variety 
X is projective with trivial Kx- It is a singular CY variety whose singular locus 
under ir is exactly the singularity of H. 

2.2. The crepant resolution. In this paragraph we aim to obtain a good 
smooth model of the cyclic cover X. First recall the order function on a smooth 
variety. Let M be a smooth variety over an algebraically closed field and X be 
an ideal sheaf on M. For any point x G M, the order of X at x is defined as 
Ord x X := max{r\X x C m r x OM,x}, where m x is the maximal ideal of the local ring 
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Om,x- For a smooth and irreducible closed subvariety Z of M, the order of 1 
along Z is defined as Ord^Z := OrdpX, where p G Z is the generic point of Z. We 
have the following well-known formula for the canonical bundle under a blow-up. 

Lemma 2.2. Let M be a smooth variety over an algebraically closed field and 
X C M be a (possibly singular and non-reduced) hypersurface. Suppose I(X) 
is the defining ideal sheaf of X in M. Let Z C X be a smooth and irreducible 
closed subvariety of M , with codimension codim(Z, M) = n. Suppose that the 
order ofl(X) along Z is Ord^X(X) = r. Consider the blow-up of M along Z: 
M ^ M. LetX = Bl z X ^ X be the strict transform of X and E = 7T _1 (Z) the 
exceptional divisor. Then we have the following formula relating the canonical 
bundles of X and X : 

K x c,7r*K x + (n-r-l)O^E)\ x . 

In particular, if codim(Z , M) = 2 and Ord^X(X) = I, then Ky- ~ n*K X - 

Proof. The proof is a direct application of the adjunction formula. □ 
In order to fix notations, we recall the following definition. 

Definition 2.3. If M is a smooth variety, and E 1: • • ■ ,E k are divisors of M, we 
say Ei,-- • ,E k meet transversally at a closed point x E M if one can choose a 
regular system of parameters z\ , • • • , z\ G Om, x at x such that for each 1 < i < k 

(1) either x G" Ei, or 

(2) Ei = (z c ({) = 0) in a neighborhood of x for some c(i), and 

(3) c(i)^c(i) 

and the regular system of parameters zi , • • • , z\ G Om,x is called a coordinate 
system at x admissible to Ei, ■ ■ ■ , E k . Ei, ■ ■ ■ , E k are said to meet transversally 
if they meet transversally at each closed point of M. In this case, D = Yli=i is 
called a simple normal crossing divisor on M and a subvariety Z C M is said to 
meet transversally with Ei, ■ • ■ , E k if at each closed point x G Z, one can choose 
zi, • • • ,z\ as above such that in addition 
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(4) Z = (zj 1 = ■ ■ ■ = Zj g = 0) for some ji, • • • ,j s , again in some open neigh- 
borhood of x. 

In particular, Z is smooth, and some of the E^ are allowed to contain Z. 

Let M be a smooth variety, and (£ = ■ ■ • , E s }, 3 = ■ ■ • , F t } be sets 
of smooth divisors of M such that the s + t divisors E\, - ■ ■ , E s , F\ , ■ ■ ■ ,F t meet 
transversally on M. A reduced and irreducible hypersurface X C M is called 
pre-binomial with respect to (£,30 if for any closed point i6l, 

(1) either X, E\, • • • , £? a , F 1; • • • ,F t meet transversally at x, or 

(2) there exists a coordinate system (yi, • • • ,y m ,xi, ■ ■ ■ ,x n ) at x admissible 
to Ei, ■ ■ ■ , E s , Fi, ■ ■ ■ ,F t (refer to Definition 12.31 for the notation) such 
that 

— the defining equation of X is 



in a nonempty open neighborhood of x, where the integers satisfy 
1 < p < m, 1 < q < n, a\ > 1, • • • , a p > 1, 

and 

— for each 1 < % < p, yi = is a defining equation for some E Ci G £ in 
a nonempty open neighborhood of x, and 

— for each 1 < j < q, Xj = is a defining equation for some Fj. G 3 m 
a nonempty open neighborhood of x. 



If X is a pre-binomial hypersurface of M with respect to ((£, 3) ; keeping the 
notations in the above definition, then for any closed point x G X, for any E G (£, 
F G 3; define 



y? 1 ■ • • y£* - X! • • ■ x g = 




dj, if E = E c . for some i in the above definition ; 
0, otherwise. 




1, if F — F<i- for some j in the above definition ; 
0, otherwise. 
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It is not difficult to verify that the above definitions of e(E,x),e(F,x) do not 
depend on the choice of local coordinates, so they are well-defined nonnegative 
integers. 

Let M, (£, $ be as above, then a hypersurface X of M is called binomial with 
respect to (<£, if it is pre-binomial with respect to (<£, and satisfies the 
following two additional conditions: 

(3) ME G (B U V closed points x ± , x 2 G E n X, e(E, x ± ) = e(E, x 2 ). 

(4) VF G <£, VF G if there exists a closed point x G X such that e(F, x) > 
and e(F, x) > 0, then E (1 F C X. 

Our key observation is the following stable proposition for binomial hyper surf aces. 

Proposition 2.4. Let M, <£ = {F^ • • • , E s }, # = • • • , F t } be as above. Sup- 
pose X is a hypersurface of M binomial with respect to (<£,#) there exists a 
closed point x G X such that e(Ei,x) > and e(F 1 ,x) > 0. Let Mi = BlzM 
M be the blow-up of M along Z = E 1 C\F 1 C X and X u E[, ■■ ■ , E' s , F[, ■■■ ,F' t be 
the strict transforms of X, E±, • • • , E s , Fi, ■ ■ ■ , F t respectively. Let <£i = {E[, ■ ■ ■ , E' s 
E' s+1 }, 5i = {F[, ■ ■ ■ , F' t }, where E' s+1 = n^ 1 (Z) is the exceptional divisor. Then 

(1) SiUji is a set of smooth divisors meeting transversally on Mi, and X\ 
is a hypersurface of Mi binomial with respect to 

(2) Each irreducible component of the singular locus of X , say Sing(X), has 
the form E ix V\F h V\F h C X or E ix C\E^C\F h C\F h C X, fori < i x ^ i 2 < s, 

i < h ± 32 < t. 

(3) The induced morphism Xi — ^ X satisfies that tc^ 1 (E 1 DFi n Sing(X)) — > 
Ei n Fi n Sing(X) is a ^-bundle, and n^\X -EiDF 1 n Sing(X)) 

X — E\ fl Fi Pi Sing(X) is an isomorphism. 



(4) Lei T = {F4, • • • , E' ik , F' h , ■ ■ ■ , Fjj C £i U $i be a subset of €i U & 
satisfying V = E' h n • • • n E\ k n F^ n • • • n Fj ; C X 1; toen V = i/ 
{F|,F{} C T. Suppose V ^ 0, toen 




(5) Notations as in (4). If {E[,F[} fl 1 ^ 0, £/ien £/ie induced morphism 
V 7r(V") is an isomorphism. If {E' 1: F[} fl T = 0, £/ien £/ie induced 
morphismV A 7r(V) satisfies that n^^nF^iriV)) ->■ £inFin7r(V) zs 
aF 1 — bundle, andfi~ 1 (ir(V)—E 1 r\F 1 ) — > 7r(V)—E 1 nF 1 is an isomorphism. 

Proof. The verification is straightforward in local coordinates. □ 

Let M, € = {Ei, ■ ■ ■ , E s }, £ = {F x , ■ ■ ■ , F t } be as above. Suppose X is a 
hypersurface of M binomial with respect to ((£,#). In order to get a resolution of 
X, we define a function on X to measure the singularities on it. For any closed 

point x G X, define gi(x) = J2f£$ e (-^' x )i 9z( x ) = J^Eee e (-^> x )- Then we get a 
function on X: 

g-.X^NxN, x^ ( gi (x),g 2 (x)). 

It is easy to see that if g(x) ^ (0, 0), then g~ 1 {g{x)) is a disjoint union of smooth 
subvarieties of X. In this case, let n(x) be the number of irreducible components 
of g~ 1 (g(x)). Then we define the following function: 

J:l4NxNxM 

(gi(x),g 2 (x),n(x)), if g(x) ^ (0, 0); 
0, if<7(a;) = (0,0). 

Given the lexicographic order, N x N x N is a well-ordered set, i.e. for 



/(*) 



(ai, 6i, ci), (a 2 , 62, c 2 ) G N x N x N, 

(ai,6i,Ci) < (02,62, c 2 ) if and only if ai < a 2 , or a x = a 2 and 61 < 6 2 , or 
ai = a 2 and 61 = 6 2 and ci < c 2 . Then it is easy to see that / is an upper 
semi-continuous function on X. Therefore we get the following algorithm (*) to 
resolve the singularity of X: 

(0) If the maximal value max xe xf(x) — (0, 0, 0), then X is already a smooth 
variety meeting transversally with the divisors in (£ U 

(1) If max x€ x f(x) > (0,0,0), take any closed point x G X such that f(x) 
attains the maximal value of /. It is not difficult to see that we can 
choose Ei G <£, Fj G # such that e{E^x) > and e(Fj,x) > 0. Then 
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blow up M along Z = Ei H Fj (we have Z = Ei D Fj C X by the 
definition of binomial hypersurfaces). Let E be the exceptional divisor. 
Let Mi = BlzM, and X\, E x , • ■ ■ , E' s , F x , ■ ■ • ,F t be the strict transforms 
of X, Ei, ■ ■ ■ , E s , Fi, ■ ■ ■ ,F t respectively Let £1 = {E, E[, ■ ■ ■ , E' s }, $1 = 
{F x \ ■ ■ ■ , F t '}, then according to Proposition I2.4[ X x is a hypersurface 
of Mi binomial with respect to So we can define a function 

fi : X% — > N x N x N in the same way as above. Let tti : X% — > X be the 
blow-up morphism. Then it is direct to verify: 

— for any point x G X\, fi(x) < f(iri(x)), and 

— the maximal value drops strictly, i.e. max xg Xi/i(^) < Tnax x& xf{ x )- 
Note also that since Z has codimension 2 everywhere in M, and X has 
order 1 at the generic point of each irreducible component of Z, we have 
Kxi — iTiKx, according to Lemma [2.21 

(2) If max x( zx 1 fi(x) > (0,0,0), then continue to blow up Mi and get 

M 2 ,X 2 ,(£ 2 ,S 2 ,/ 2 . 

We summarize the above discussions in the following theorem: 

Theorem 2.5. Let M, <E = {Ex, • • • , E s }, J = {F h ■ ■ ■ , F t } be as above. Sup- 
pose X is a hypersurface of M binomial with respect to (<E,$). Then the above 
algorithm (*) terminates after finite steps. Suppose it terminates after N steps, 
then we get M N ,X N , Qn^n such that X N is a smooth hypersurface of M N meet- 
ing transversally with the set of divisors (EatU^tv- Moreover, let it = itx ' • " 07r i : 
Xx — > X be the composition of blow-up morphisms, then 

• n is crepant, i.e. K Xn — ix*K x ; 

• 71 is a strong resolution of X, i.e. if U = X — Sing(X) is the regular part 
of X , then 71 induces an isomorphism 7i~ l (U) ^> U ; 

• 71 is a projective morphism, moreover, it is a composition of blow-ups along 
smooth centers. 
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Proof. Most of the theorem follows from the above discussions. We just explain 
why it is a strong resolution. Note that in each blow-up step the smooth center 
Zj is contained completely in Xj. So in the regular part of Xi, we just blow up a 
Cartier divisor. Therefore the regular part of Xi remains unchanged. □ 

Now we give an application of Theorem 12.51 Suppose Q is a smooth variety, 
and D = Y^j=i Fj * s a simple normal crossing divisor on Q defined by the section 
Stj G r(Q, Oq(D)). Let a be a positive integer and L G Pic(Q) such that aL = D. 
Then in the total space of L: M = Tot(L) A Q, we have the tautological section 
s G T(M,p*L). The hypersurface X of M defined by the equation s$ = p*so 
is called the a- fold cyclic cover of Q branched along D. It is easy to verify 
that X is a hypersurface of M binomial with respect to (£,3) = {{Eq = i s o — 
0)}, {p*Fi, ■ ■ ■ ,p*F t }). So we can apply Theorem 12.51 to get a crepant resolution 
of X. That is, we have the following: 

Corollary 2.6. Suppose Q is a smooth variety and D = Y^j=i Fj is a simple 
normal crossing divisor on Q, for any a > 1, if there exists L G Pic(Q) such that 
aL = D, then the a-fold cyclic cover of Q branched along D admits a crepant 
resolution, which can be obtained by applying the crepant resolution algorithm 

(*)■ 

For the cyclic cover X constructed in §2.11 we can simply apply the above 
result to obtain a crepant resolution a : X — > X. 

2.3. The middle cohomology does not change under resolution. In this 
paragraph we show that o : X — > X induces an isomorphism on the middle 
co homologies. To start with, we show first that the Hodge structure H n (X, Q) 
is actually pure. This is mostly easy if one notices that there is another CY 
Y arising from the same hyperplane arrangement as X which is indeed smooth. 
We follow §2.2 [3] for the construction of Y, the Kummer cover associated with 
21. Let A be a matrix whose columns define the hyperplane arrangement 21 and 
B = (bij) a matrix fitting into a short exact sequence 

o c m - 2 ^ c m -A c 2 o. 
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We define Y to be the complete intersection of ™ = 2 degree r hypersurfaces in 

pm-1 = p ro j ^ ..... z ^ defined by 

bnz r H h &im^_i = 0, i = 1, 2. 

Using the Jacobian criterion, one sees easily that Y is smooth, and by the ad- 
junction formula has trivial canonical bundle. The structure of Y as a Kummer 
cover is seen as follows: Put G 1 = ©™ 1 Z/r/A(Z/r). Here A denotes for the 
diagonal embedding Z/r — y ©™i^/ r - F° r a = ( a o, • • • ,flm) £ Gi, we define an 
automorphism er : P m_1 — y P™^ 1 by: 

cr a (z : • • • : z m ^) = (C°z : • • • : C^^m-i) 

where Cr is a primitive r-th root of unit. The matrix A defines a linear embedding 
j : P n — y P m_1 of projective spaces. Similar to Lemma 2.4 loc. cit., one sees that 
the map 

pm-1 ^ pm -l ; . . . . . ^ ^ {z r . . . . . 

realizing Y as the Kummer cover Y — >■ j(P") with Galois group Gi and with 
branch locus j(H). The group Gi contains a distinguished normal subgroup 
Ni < G\ of index r, the kernel of the map a i— >■ X^o* a «- ^ e s ^ate the following 
result whose proof is referred to Proposition 2.5 loc. cit.. 

Lemma 2.7. i£ /ioWs t/ierf X ~ Y/N\. Consequently, there is an isomorphism of 
pure polarized Q-Hodge structures 

H n {X,q) ~ /T^Q)^ 1 . 
Proposition 2.8. Ifp,q > and p 7^ g 7 £/ien cr induces an isomorphism 

a* : iP'^X) ^> H p ' q {X). 
In particular, one has the isomorphism of Q-PVHS: 

a* : # n (X,Q) ^> iJ n (X,Q). 

We need some lemmas. 
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Lemma 2.9. Let f : X — >• X be a proper modification with discriminant D. Put 
E = f~\D). Forp,q> 0, if H p ' q (X) = H p > q (E) = 0, then H p ' q (X) = 0. 

Proof. This follows directly from Corollary-Definition 5.37 in [10]. □ 

Lemma 2.10. Let tc : V — » V be a surjective morphism between projective va- 
rieties, Z C V a closed subvariety such that 7r _1 (Z) — >■ Z is a P 1 — bundle and 
7r _1 (V r — Z) A V —Z is an isomorphism. Forp,q > and p ^ q, if H p,q (Z) = 0, 
then the natural homomorphism H p,q (V) —> H p,q (V) is surjective. 

Proof. This follows from Lemma 12.91 and the Leray-Hirsch Theorem for the P 1 - 
bundle -k~\Z) A Z. □ 

We come to the proof of Proposition 12.81 

Proof. Set M = Tot(L) and E 1 = {s = 0}, Fj = {p*Sj = 0} divisors in M. Put 

<E={Ei},!S={F ir -- ,F m }. 

Then X is a binomial hypersurface of M with respect to (<E,$). The crepant 
resolution algorithm applied to the data X, M, (<£, J) provides us with the blow- 
up sequence 

V V UN ^ V a N-2 <J1 v 

y\ — v\N r -A-N— 1 r • ■ ■ — r -A 

such that for any i — 1, 2, • - • , N, X^ is a binomial hypersurface of Mj with 
respect to fo), and X = Xjv is smooth and meet transversally to the divisors 
in (£jv U An induction using Proposition 12.41 and Lemma [2.101 shows that for 
any i — 1, 2, • • • , N, for any elements D\, ■ ■ • ,Dk £ (£j Ufo, if Di D • • • HDfc C Xj, 
then H p ' q (D\ fl • ■ •flDfe) = 0, for any p, q > and p ^ q. Then a further induction 
using (3) of Proposition [231 and Lemma EH shows that H p ' q (X) A H p > q (X) is 
surjective, for any p, q > and p ^ q, where a = ° • • • ° &\- Theorem 5.41 in 
[TO] shows that H p,q (X) — > H p ' q (X) is injective, for any p, q > 0. So we finally 
get that H p ' q (X) — >■ H p ' q (X) is an isomorphism, for any p, g > and p ^ q- □ 

Corollary 2.11. Lei 7r : X — >■ P n be the r-fold cyclic cover of P n branched 
along m hyperplanes in general position in §2.11 Let I 4 I fc the crepant 
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resolution constructed after Corollaru \2.b\ The obtained X is a smooth projective 
CY manifold. 



Proof. By Theorem I2.5[ X is smooth. Also, as the morphism o : X — > X is 
projective by the same result, X is projective whose canonical bundle is trivial. 
By Proposition I2.8[ for any < i < n, we have 

H\X, O x ) ^ H°'\X) ~ H^(X) = H°'\Y) Nl = 0. 

This shows the result. □ 



3. The Hodge structure of the cyclic cover 

Let 7r : X — » P n be the r-fold cyclic cover branched along H = YliLi Hi where 
{Hi, ■ ■ ■ ,H m } is a hyperplane arrangement of P n in general position. In this 
section we investigate the Hodge structure H n (X, Q). We first record its Hodge 
numbers. 

Lemma 3.1. Let h p ' q = dimH p ' q (X) for p, q > and p + q = n. One has 

{o + l, if q is even; 

n + 1 — q, if q is odd. 

Proof. By Lemma 12.7} we can derive the Hodge numbers of X from those of Y , 
which is a smooth complete intersection. By the work of T. Terasoma [12J, one 
can represent the cohomology classes of Y by a certain Jacobian ring, together 
with an explicit description of the action of G\. After the computation has 
been implemented, we found that Lemma 8.2 [2] actually contains our result (set 
H — (-,••• , -) in the cited lemma). The detail is therefore omitted. □ 

3.1. The cyclic cover of P 1 branched along m distinct points. For m 

distinct points Pi, 1 < i < m in P 1 , we consider the r-fold cyclic cover of P 1 
branched along YliPi- Call it the curve C, and let p : C — » P 1 be the natural 
projection. Fix a generator i e Aut(C|P 1 ). Let Q(Cr) C C be the r-th cyclotomic 
field. The induced action i* on Vq := H l {C, Q) induces a decomposition of 
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V Q« r ) ■= V® ® Q(Cr) into direct sum of Q(Cr)-PHSs: 

where V, is the eigenspace of i* with eigenvalue Q,. The following lemma is well 
known. 

Lemma 3.2. Let Vi © C = K 1,0 © K 0,1 be the induced Hodge decomposition from 



the weight one PHS of C . It holds that V^' = V r i_ i and 

dim Vq = 0, dim V*' = 2i - 1, 1 < % < r - 1. 

Proof. See for example Lemma 4.2 [6]. □ 
The next lemma is purposed for a later use. 

Lemma 3.3. The weight n Q-PHS /\ n Vq admits a decomposition 

n 

with Wi } q © Q(Cr) = ©I=i A™^*- Furthermore, only for n = 3,5,9, one /ms a 
further decomposition of Q-PHS 

W 1>Q = W unim © WJ )Q 

such that 

n n 

w umm © Q(c r ) = A Vi A ^-i- 

Proof. Consider the Galois action on the decomposition 

n n 

A(W = A(0*) 

i J,|J|>2 

Here J = (ii, • • • , for 1 < < • • • < < n is a multi-index, 77 = 
( r i ; • ■ ■ ) r |/|) is a sequence of nonnegative integers satisfying J2 r * = n an d 

n n r \i\ 
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It is clear that ® i /\ n Vi is invariant under the Galois action. So is the other 
factor. Thus they underlie Q-subspaces of /\ n Vq. Consider furthermore the 
Galois orbit of /\ n V\. It contains at least f\ n K-i, and /\ n V\ © f\ n V r -\ has a sub 
Q-structure iff the Galois orbit contains no more direct summand. As the Galois 
group is isomorphic to the unit group of Z/r and it is an elementary fact that the 
unit group is of order two only if r = 3, 4, 6, it follows that only when n = 3,5, 9, 
f\ n V\ © /\ n V r -\ underlie a sub Q-structure. The lemma is proved. □ 

Now we perform a similar construction to the one taken in §2.3 [3]. Let 
7 : (P 1 )™ -> Sym n (P 1 ) = P n be the Galois cover with Galois group S n , the 
permutation group of n letters, and the identification attaches to a divisor of 
degree n the ray of its equation in if°(P 1 , 0(n)). 

Lemma 3.4. Put Hi = 7({p«} x (P 1 )™ -1 ). Then (Hi, ■ ■ ■ ,H m ) is a hyperplane 
arrangement in P n in general position. 

Proof. The divisors of degree n in P 1 containing a given point form a hyperplane 
and, as a divisor of degree n can not contain n + 1 distinct points, no n + 1 
hyperplanes in the arrangement do meet. □ 

In this case, we have more: For any natural number n (not necessarily odd), 
we will show that any (ordered) m hyperplane arrangement in P n is projectively 
equivalent to a(n) (ordered) one arising from the above way. In fact, we will prove 
a stronger statement. Let 9JTi in+3 be the moduli space of ordered n + 3 distinct 
points in P 1 and similarly 97l nj „ + 3 ordered n + 3 hyperplane arrangements in P n 
in general position. 

Lemma 3.5. The map 7 : (P 1 )'™ — > P n induces an isomorphism 

T : 9Jll jn+3 2i 9ttn,n+3, [(pi, ' ' ' ,Pm)] [(Hi, • • • , H m )}. 

Proof. We adopt an elementary but direct proof. The two moduli spaces admit 
afline descriptions: Any ordered m = n+3 distinct points in P 1 is transformed into 
a unique tuple (0, t\, ■ ■ ■ , t„_i, 00, 1, t n ) with U G C and 97ti jn+ 3 is therefore identi- 
fied with the complement of the following hyperplanes in C n = Spec C[ti, • • • ,t n ] 
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defined by 

{U,U -1,U- tj, 1 < i, j < n}. 
Similarly, the following matrix represents a unique point in 97l n n+3 : 

( 1 ••• 1 1 ^ 

'■• 1 si 

\ • • • 1 1 s n i 

\ / n+lxn+3 

where (si, • • • , s n ) is a point in C n = Spec C[s\, ■ ■ ■ ,s n ] away from the union of 
hyperplanes 

{s h Si -I, Si- sj, 1 < i,j < n}. 
The following claim implies the lemma: 

Claim 3.6. Under the above afline coordinates, one has 

r(t i + \ - ( tn ( tl ~ tn(tn-l - 1) . s 

1 ^1) i <"n— li l ri) \ , , )'"'). . ' 

Proof. The following Vandermonde-type matrix of size (n + 1) x (n + 3) give the 
defining equations of the hyperplane arrangement corresponding to 

(0,ti, • • • ,t„_i, oo, l,t n ) 
1 1 ••• 1 Oil 

t! ■■■ tn-! 1 t n 



under 7: 



A = 



\ 



[0 n ••• ti_ 



1 1 t 



n ) 



The first n + 1 columns make the square matrix 



B 



1 1 ••• 10 

ti ••• * n _i 



V ••• 1 ) 
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By the Cramer's rule, one uses the determinant of a Vandermonde matrix to 
determine the vector 



(Ai, • • • , A n+ i) = B (1, • • • , 1) , 



as well as the vector 



(/ii, • • • , n n+ iy = b i (i, t n , ■ ■ ■ , t™y 



Put D = diag{Ai,--- ,A n+ i}. Then the invertible (n + 1) x (n + 1) matrix 
P = D~ l B^ 1 transforms the hyperplane arrangement defined by A to the 

one by columns of the matrix 



1 

1 

1 

1 1 



1 

tn(tl-l) 
tl—tn 



tn(t n -i—l) 
tn— 1 tn 



\ 



tn 



□ 



□ 



Let p : C —> P 1 as above. The n-fold product 



h : C n 



l\n 7 . 



is a Galois cover with Galois group iV x S n , where N — (ii, • • • , i n ) is the group 
generated by the cyclic automorphisms on factors. The group iV has a natural 
normal subgroup N' given by the kernel of the trace map 

N ~ (Z/r) xn ^> Z/r. 

It has a set of generators {5j}i<i< r -i with 

Si = (id, ■ ■ ■ ,l, t" 1 , • • • , id), 

where i appears at the i-th component and r 1 the i + 1-th component and the 
identity elsewhere. Consider the quotient C n /G with G = N' x S n . Similar 
to Lemma 2.8 loc. cit., one checks that the natural map C n /G —¥ P n induced 
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by h is a Galois cover with Galois group Z/r and its branch locus is exactly 
H\ + • ■ • + H m . As the Picard group of a projective space has no torsion, one 
concludes that C n /G is isomorphic to the r-fold cyclic cover Xq of P ra branched 
along Y,i H i- 

3.2. The Abel-Jacobi map and the Hodge structure of the cyclic cover. 

Recall that (see e.g. Ch. 2 [4J) the Abel-Jacobi map : C -> Jac(C) = C 9 /A is 
defined by the period integral 

rq rq 
g H> ( / Ux, ■ •■ , / 

where go £ C is a chosen base point and {wj}i<j< 9 is a basis of holomorphic 
one forms on C . Here A denotes for the period lattice of C. Let (z\, ■ ■ ■ , z g ) be 
the standard coordinates of C 9 . Then one sees that 0* induces an isomorphism 
F 1 (Jac(C),Q) ~ H\C,Q) such that 0*(c/^) = u h l < i < g. The Abel-Jacobi 
map induces the natural morphism 

n 

(j) n :C n ^ Jac(C), (gi, • • • , q n ) ^ 4>(<li)- 

i=i 

We are in the situation to study the following diagram of morphisms: 

C n ^ Jac(C). 

X c — - C n /G 

Here the map S : C n — > C n /G is the natural projection. Note that after Lemma 
13.51 any r-fold cyclic cover A in §2. II is isomorphic to an Xq- The consequence of 
the morphisms on the level of Q-PHS is summarized in the following 

Proposition 3.7. The morphisms in the above diagram induces an isomorphism 
of Q-PHS: 

H n (X c ,Q)~W 1>Q , 
where Wi t q is the PHS in Lemma \3.3l 
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Proof. By labeling the curve factors of C n by Gj, 1 < % < n, we obtain from the 
Kiinneth decomposition a decomposition of Q-PHS: 

n 

H n {C n M = (g)H\C u Q)® (g) [tf (G,Q)®tf 2 (G,,Q)® (g) H\C k ,Q)]- 

i=l 1<*7^J<" l<k<n,kj^i,j 

Denote k : H n (C n , Q) ->■ (g)" =1 ^(Q, Q) for the projection onto the first factor. 
We claim that the composite 

n n 

W m c/\H\C,Q) ~ fT(Jac(G),Q) ^ H n (C n ,Q) (g) tf^Ci, Q) 

is injective and the image is G-invariant. Assuming the claim, the result follows: 
As 

H n (X c , Q) ^ H n {C n /G, Q) = # n (G", Q) G 

and W^q have the same dimensions by Lemmas 13. 11 13.21 (both are equal to 2(r — 
l) 2 ), the injective map Wi t Q H n (C n , Q) of Q-PHSs is indeed an isomorphism. 
Notice that by Lemma [3721 we can take the basis {uJi}i<i< 9 in the above description 
of 4> as eigenvectors with respect to the action of i on Vc- This implies that the 
corresponding dz{ to u,- t is an eigenvector with the same eigenvalue with respect to 
the induced natural action of i on Jac(G). This will make the verification of the 
invariance of the resulting class under G-action straightforward. Let 7Tj : C n — > 
G, 1 < i < n be the i-th projection. Then the induced map <p* n on the level of 
differential one forms is given by 

n n 

4>* n {dZi) = ^niUi, <p*(dzi) = ^7T*Wj, 1 < i < g. 
i=i i=i 

Therefore the map 0* : if n (Jac(G), C) — > H n (C n , C) on the degree n cohomology 

groups is given by sending [dz^ A • • • A dz ip A dzj 1 A • • • A dzj n _ p ] to 

iii i 

The bracket means the cohomology class of the differential form. Now for each 
direct factor A n Vk C Wi,q <8> Q(C-), we claim that the image of its element under 
k o cf)* n is invariant under G-action. Note that the map </> n factors as 

C n ^\ S n C Jac(G). 
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Thus it suffices to show the invariant property under the subgroup N' of G. It 
is also equivalent to show this property for elements in A n (Vk <S> C), which for 
dimension reason, is just equal to 

A 2fc-2yl,0 ^ A n-2k+2y0,l A 2fc-lyl,0 ^ ^-Zk+lyOA _ 

rC K K K 

Let {rfzjj,--- ,c?Zj 2fc _ 1 } (resp. {dz^,--- , rf2j„_ 2fc+2 }) ^ e the basis of V^' (resp. 
V^ 0,1 ). Consider the image under 0* of a typical element (omitting dzi 2k _ x in the 
wedge product) 

[a] := [d^ A • ■ ■ A dz i2h _ 2 A c% A ■ • • ^ in _ 2fc+2 ] G A 2 ^ 1 ' ® A^+V, ' 1 . 
For clarity we set 

&i = Uii,--- , ot2k~2 = Ui 2k _ 2 , a 2 k-i , a n = ^j n _ 2 fc + 2- 

Then it follows that 

« C(N) = E (-l) SignH K*«,(D A • • • A 7r>, (n) ]. 

(For n = 3 mod 4, it holds that ko0* ([«]) = 0* ([a]).) Now one sees its invariance 
under iV'-action immediately: One tests simply the action of any generator 5i of 
N' and it acts on 7r*af„(i) A ■ ■ • A 7r*a^( n ) by multiplying (^(~ k = 1. This completes 
the proof. □ 

4. Maximal families of CY manifolds with length one Yukawa 

COUPLING 

Our aim in this section is to exhibit families of CY manifolds with claimed 
properties, and make some complements to these families at the end. 
Recall that in the proof of Lemma [3751 we have explained that 9Jl„ jn+ 3 is identified 
with an open subset of C n . Call it U n with coordinates s = (si, • • • ,s n ). Let 
[xq '■ • • • : x n ] be the homogenous coordinates of P n . Put 

n n 

t\ Xq, , t m —2 %ni ^ ^ tm ^<0 ^ Si%i- 

i=0 i=l 
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They give m sections of 0(1) whose zero divisors in P™ meet transver sally. Let 
Pi, i — 1, 2 be the projection of Tot(L) x U n to the z-th factor. Define 

X n C Tot(L) x U n 

to be the zero locus of the section 

fit 

pW - (g)(p°Pi)*ti e r(Tot(L) x c/ n , (po Pl )*0(m)), 
i=i 

and / n : <Y n — >■ Z7 n the composite X n C Tot(L) x C/ n -4 [/„. The is the family of 
r-fold cyclic covers of P n branched along a universal family of n + 3 hyperplane 
arrangements of P n in general position. We can do the simultaneous crepant 
resolution of the family f n : The divisors of Tot(L) x U n given by 

E := (pis = 0), E x := {{p o p^U = 0), • • • , E m := ((p o Pl )*t m = 0) 

meet transversally and the hypersurface is binomial with respect to 

(<B={E },$={Ei,--- ,E m }). 

By Theorem 12.51 we can apply the crepant resolution algorithm to X and get a 
simultaneous crepant resolution of /„: 




This is not unique and a different choice leads to a fiberwise birationally equivalent 
family of CY manifolds. We choose one and call f n : X n — > U n = 97t nin+3 the 
family of CY manifolds by our construction. 

We can also consider Wli^ n+3 and obtain a family g n : C —> 97ti )n+3 whose fibers 
are r-fold cyclic covers of P 1 branched along n + 3 distinct points. The n-th 
self product (g n ) n '■ C n — > 2Jti jn+ 3 of g n admits a natural action of G which acts 
fiberwisely as what we have described at the end of §3.11 For 

h n : C n /G 97li jn+ 3 — > VJl n ^ n+ 3, 
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there is an isomorphism 

C n /G X n 




Some notations before the main computational result: Write Vq = P}g n JQ. By 
Lemma 13721 the fiberwise cyclic automorphism induces a decomposition of Q(Cr) - 
PVHS: 

r-l 

V Q ®Q(Cr)=0Vi. 

i=l 

By Lemma 13.31 there is a decomposition of Q-PVHSs: 

n 

/\ V Q= W i,Q0 W 2,Q 
such that Wi, Q g> Q(Cr) = ©[=1 A"Vi. Write H n = R n f n *Q. 

Theorem 4.1. Let f n : X n — >■ 9Jl n .„ + 3 fre the family of n- dimensional CY mani- 
folds. Then one has an isomorphism of Q-PVHSs: 

M n ~ Wi, Q . 

Proof. It follows from Propositions 12.81 and 13.71 □ 
Remark 4.2. Note that, for and only for n = 3, 5, 9, the Q(C-)-PVHS 

n n 

underlies a sub Q-PVHS W unim of Wi,q. Write M unif:Q to be the sub Q-PVHS 
of H n corresponding to W^q under the above isomorphism. 

Corollary 4.3. The following statements are true: 

(i) The family f n is maximal. 

(ii) = 1. Consequently, Shafarevich's conjecture holds true for f n . 

(iii) A suitable partial compactification of the family f% is a Shimura family of 
U{l,3)-type. 

(iv) For n = 5,9, the sub Q-PVHS M un if t q C H n gives a uniformization to a 
Zariski open subset of an arithmetic ball quotient. 
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Proof. Let (F,rj) be the corresponding Higgs bundle to Vq, (E,8) to H n . The 
above theorem on PVHS implies the corresponding result on Higgs bundles, that 
is, 

r— 1 r— 1 n 

(F, V ) = @(F i ,r h ), (Erf-Qh&A). 

t=i i=i 

Lemma 13.21 implies that 

rank(F i 1,0 ) = 2i - 1, rank(i^ 0,1 ) = n + 2 - 21 

Adding the information on the Hodge components, one has a more explicit de- 
scription of the Higgs bundle (E, 8) which is equal to 

(E n '° © E"- 1 ' 1 , 8 n '°) 0(E n ~ 2 ' 2 © E n ~ 3 ' 3 , 6 n ~ 2 ' 2 ) ■ • • 0(£ 1 ' n ~ 1 © E°' n , 8 1 ' 11 - 1 ), 
together with isomorphisms of Higgs bundles 

(E n '° © E 71 " 1,1 , 9 n '°) ~ (A^eA^^^iAVi), 

Note that the family g n : C — > 9Jli jn+ 3 is in connection with the theory of Deligne- 
Mostow pQ (see also j6]). It follows from Proposition 3.9 loc. cit. that 

r /r _ 1 :F r 1 i 1 ^F r i 1 1 ®n OTlin+3 

is an isomorphism. So is 8 n, °. This shows (i). It follows also that <r(/ n ) = 1 as 

is simply zero. As /„ is maximal, the length of the Yukawa coupling of the 
corresponding coarse moduli is also equal to one. By Theorem 6 Shafarevich's 
conjecture holds for this coarse moduli. This shows (ii). The eigen-PVHS Vi is 
a special case of C-PVHSs over 9Jti,n+3 studied by Deligne-Mostow loc. cit.. In 
our case, 

f 1 = (^1 = ~i ' ' ' > ftm — -) 
in the notation of loc. cit.. It is shown in §10 loc. cit. that when the condition 
INT (see Theorem 3.11 loc. cit. for its meaning) is satisfied, the monodromy 
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representation of Vi has discrete image in Aut(B n ). The condition to guarantee 
the discreteness of the image has been relaxed by Mostow [H] to Y] INT which 
turns out to be also sufficient by Mostow [9]. In the appendix of [9], he gives also 
a complete list of /i satisfying INT for n > 3. Checking the list, one finds 
immediately that there are exactly three cases labeled as No.l, No. 8 and No. 23 
which have equal /ijS, and they come exactly from Vi for n = 3,5, 9. Moreover, 
in these three cases, the monodromy groups are actually arithmetic. Note that 

HU/,Q ® Q(Cr) - (Vi0 V r _ x ) ® Q(Cr)(2 - r), 

and Vi,V r _i are dual to each other. The period map of M uni f^Q gives an open 
embedding of 9Jt nin+ 3 into an arithmetic ball quotient. For the case n = 3, it is 
even more special. In this case, one has 

H 3 = U unifM ~ V Q ®Q(-1). 

By Deligne- Mostow [I], the family g 3 : C — >■ 9Jli,6 can be partially compactified 
so that the image of its period map in the moduli space of principally polarized 
Abelian 4-folds with a suitable level structure is an arithmetic quotient of B 3 . 
See a recent work [7] by B. Moonen on the classification of Shimura subvarieties 
in the Jacobian locus of moduli spaces of principally polarized abelian varieties 
arising from cyclic covers of P 1 . This example appears as No. (10) in Table 1 loc. 
cit. . It is quite obvious that the partial compactification of g% yields the one of 
/3 and also of J3. The detail is omitted since what it will involve is not closely 
relevant to the paper. This completes the proof. □ 

We conclude the paper with the following remark. 

Remark 4.4. (i). For n = 3, the Hodge numbers of X read h ' = 51, h 2,1 = 3. 
J. Rohde has constructed in his doctor thesis (see [TT]) a maximal family of CY 3- 
folds with the same Hodge numbers which is also a Shimura family. Note that the 
parameter of his family comes also from OTt^e- Are these two families birationally 
equivalent? 

(ii). One constructs more maximal families of CY manifolds from the moduli 
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space of hyperplane arrangements in a projective space. Do our families exhaust 
all possibilities with length one Yukawa coupling? 

(hi). We have shown that M uni f j Q C M n exists only for n — 3,5, 9, which are the 
unique three cases appeared in Mostow's list with equal /XjS. Is there some deeper 
reason than a mere coincidence? 
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